The lattice of closed invariant subspaces of the Volterra operator acting on L 2 (0, 1) was completely described by Sarason [8]. On the other hand, he explicitly found the lattice of closed invariant subspaces of the shift plus Volterra operator on L 2 (0, 1) in [9] . Inspired by Sarason's results, we find the lattice of closed invariant subspaces of the shift plus complex Volterra operator acting on the Hardy space.
Introduction
The invariant subspace problem is a well known problem in operator theory. The conjecture is that every bounded linear operator T on a separable Hilbert space H has a non-trivial closed invariant subspace (a closed linear subspace W of H which is different from {0} and H such that T (W ) ⊂ W ). Over the years it has been shown that many familiar classes of operators do have invariant subspaces. The goal of this paper is to characterize the lattice of closed invariant subspaces of the shift plus complex Volterra operator on the Hardy space.
Let D be the unit disk of the complex plane and H(D) be the space of holomorphic functions on the unit disk. We say that a holomorphic function f (z) = ∞ n=0 a n z n on the unit disk belongs to the Hardy space H 2 (D), if its sequence of power series coefficients is square-summable:
We define a norm on H 2 (D) by
It is well known that H 2 (D) is a Hilbert space with the inner product f, g H 2 (D) = ∞ n=0 a n b n for f (z) = ∞ n=0 a n z n and g(z) = ∞ n=0 b n z n . The operator defined on H 2 (D)
is called the shift operator. The lattice of the shift operator acting on the Hardy space is completely described by Beurling's Theorem [2] , and it is one of the the most celebrated and widely used results. Let L 2 (0, 1) be the space of square integrable functions on (0, 1). Sarason [8] characterized all closed invariant subspaces of the Volterra operator
2 (0, 1) and 0 < x ≤ y < 1.
Aleman and Korenblum studied the complex Volterra operator in
Then they characterized the lattice of closed invariant subspaces of V in [1] . While doing so they used the Beurling's Theorem. On the other hand, Sarason [9] studied the lattice of closed invariant subspaces of multiplication by x plus Volterra operator, M x + V acting on L 2 (0, 1). Montes-Rodriguez, Ponce-Escudero and Shkarin [6] and Cowen, Gunatillake and Ko [3] used the idea of Sarason to study the invariant subspaces of certain classes of composition operators on Hardy spaces. Following Sarason's work we are interested in characterizing the lattice of closed invariant subspaces of the shift plus complex Volterra operator on the Hardy space. Denote by T the operator
Since the shift operator is an isometry and the complex Volterra operator is a contraction, T is clearly bounded operator on the Hardy space. To prove our main result we use the space S 2 (D) defined by
Corresponding inner product is given by
Our work describes the lattice of closed invariant subspaces of T acting on H 2 (D). The main tool in our proof is Korenbljum's result from [5] , in which he characterized all closed ideals of S 2 (D). Korenbljum's paper, in turn, relates to the work of Rudin [7] and his main theorem on the structure of the closed ideals of the disk algebra. The following result is known to the specialists but we could not find the proof in the literature. We include the proof for the sake of completeness. 
iii. Polynomials are dense in S 2 (D).
Now,
Since 1 + t|z| ≥ 1, we have
This clearly shows that f belongs to H ∞ , and hence
ii. To show S 2 (D) is a Banach space under the above norm, suppose
is a Banach space, {g n } converges to a holomorphic function g ∈ H 2 (D) and {Dg n } converges to the function Dg ∈ H 2 (D). Therefore g ∈ S 2 (D), and hence S 2 (D) is a Banach space under the given norm. Pointwise multiplication on S 2 (D) form an algebra. For this, suppose that f and g are in
Using (4), we see that for any f ∈ S 2 (D)
Hence using (5),
is an algebra with unit and with a norm . S 2 (D) under which it is a Banach space. Furthermore, we see that the multiplication is continuous in each factor separately. Therefore there exists a norm equivalent to . S 2 (D) , for which S 2 (D) is a Banach algebra (see [4, page 212] ). Keeping in mind the fact above, we do not differentiate the norm . S 2 (D) and its equivalent norm that makes S 2 (D) a Banach algebra.
iii. We want to show polynomials are dense in S 2 (D). Given f ∈ S 2 (D), let f q (z) = f (qz) be its dilation and Df q (z) = qDf (qz) = q(Df ) q (z) be derivative of dilation where 0 < q < 1. Each function f q is analytic in a larger disk, so it can be approximated uniformly on D by a sequence of holomorphic polynomials P n q , and hence Df q can be approximated uniformly on D by holomorphic polynomials DP n q . So it will be enough to prove that f can be approximated in S 2 (D) by its dilation. That is to say f − f q S 2 (D)
Since f ∈ H 2 (D), for all ǫ > 0, we can choose a natural number N large enough such that
Now choose q ǫ ∈ (0, 1) such that
Then, since
On the other hand, we have
Similarly, we can show that Df − Df q 2 → 0 as q approaches to 1. 
Proof. For any f and g in
Also, we have f (0) = 0 and g(0) = 0 so (f g)(0) = 0 and hence f g belongs to S Therefore g belongs to the range of V.
ii. First we want to show V is a bounded operator on H 2 (D). Let us assume f is in the Hardy space.
Clearly V is linear. Now to show V is one-one, assume that f 1 and f 2 belong the Hardy space, and also assume that
Differentiating both sides we see that f 1 = f 2 and hence V is one-one. From part (i) we have VDg = g and clearly DVf = f . This shows that V is a bounded bijective linear operator from
iii. Suppose f belongs to H 2 (D) and also suppose Vf = g, for some g ∈ S 2 0 (D).
Now applying V on the both side, we see that
That is to say V transforms the operator T into the operator multiplication by z on S 2 0 (D). We can summarize the theorem by the following commutative diagram
An element a in Banach algebra A is called cyclic if the subalgebra generated by a is dense in A.
The next proposition provides the relation between closed invariant subspaces of multiplication operator and closed ideals of a Banach algebra. Proof of this proposition can be found in [6] . • the measure determining the singular part of G is supported on K.
The following theorem from Korenbljum [5] characterizes all closed ideals of S 2 (D). This theorem is essential in proving our main theorem. 
